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Readings

Optional:

» Tarski, Alfred (1944). The semantic conception of truth and the

foundations of semantics. Philosophy and Phenomenological
Research 4(3), 341-376.

» Kripke, Saul (1975). Outline of a theory of truth. The Journal
of Philosophy 72(19), 690-716.
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Outline

1. Tarski on Truth and the Liar
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Convention T and the Liar

» A language £ is semantically closed when it contains:
» names for its own sentences '/, and
» a truth predicate T applying to such sentences.

» We take T to satisfy the T-schema:

M T(¢) < ¢

» The Liar sentence is A = =T'("\).
» Then by (T) we reach a contradiction in classical logic:

T(N) < X« =T(N)

Therefore (T) cannot hold unrestrictedly within a semantically
closed language.
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Tarski on Truth and the Liar

Self-reference is not necessary

A: Ais false.

B: The next sentence is true.
C': The last sentence is false.
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Tarski: informal picture

» The goal is to define ‘is true’for a
given formal language.

» We aim to preserve classical logic.
» And avoid semantic paradoxes.

» Strategy: define truth for the
object-language in a richer
metalanguage.

Alfred Tarski (1901-1983)
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Two levels

Object language £:
pu=plop (@A) (V)| (p—p)

Metalanguage £, extends £, with:

» Naming: if ¢ € Sent(Ly) then the name 'y’ is available in £;.

» Truth predicate: T} that applies only to names of
Lo-sentences. Thus Ty('¢’) is an L1-sentence.

No £;-sentence may occur as an argument of 7;.
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Transparent truth across levels

The T-schema now lives in £;. For any ¢ € Sent(Ly),

To('¢') < ¢.
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Tarski on Truth and the Liar

Blocking the Liar precisely (typed restriction)

Attempt A = T ('\N).

» )\ would be an £;-sentence (it mentions Tp).
» But T, takes only names of £j-sentences.

» Hence Tp('\) is not well-formed. The would-be Liar is a type
error.
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Tarski on Truth and the Liar

Hierarchy of languages

To speak about £;-sentences, ascend:

» [, adds a truth predicate 77 for names of £;-sentences.
» Transparency persists one level down:

Ti('To('p")) < To('p) < p.
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Tarski on Truth and the Liar

Critical remarks: multiplicity of ‘truths’

Multiplicity:
» A hierarchy of languages yields a family of truth predicates
To,T1,T>, ... each restricted to L,.
» Yet ordinary discourse uses a single word ‘true’.
Reply:
» Each T; expresses the same concept of truth, but restricted to
a specific object-language.
» Natural languages are (potentially) semantically closed.

Paradoxes show an unrestricted truth predicate is unsafe
without typing.

» For formal work: keep truth language-relative and stratified.
For ordinary talk: the untyped ‘true’ is a convenient gloss that
misleads in paradoxical contexts.

[Sher 1999]
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Tarski on Truth and the Liar

Kripke’s challenge to Tarski: contingent paradoxicality

(A) Alice: “Most of Bob’s assertions about Amsterdam are false.”
(B) Bob: “Everything Alice says about Amsterdam is true.”

Two contingent scenarios:

» Scenario 1 (independent falsehoods): Many of Bob’s other
assertions are false. Then (A) is true. Hence (B) is true. No paradox.

» Scenario 2 (knife-edge count): Bob has N other assertions, exactly
N/2 true and N/2 false. Alice has exactly one assertion. One can
verify that (A) and (B) are both paradoxical (true iff false).

> (A) evaluates Bob’s assertions (incl. (B)) = (A) must be above (B).
(B) evaluates Alice’s assertions (incl. (A)) = (B) must be above (A).
No consistent level assignment.

» Moreover, whether they’re harmless or paradoxical depends on
contingent counts. But Tarskian level-typing is fixed syntactically,
not allowed to vary with the facts.
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Tarski on Truth and the Liar Interlude

Kripke: informal picture

Saul Kripke (1940-2022)

Ordinals & Transfinite Methods Kripke’s Theory of

Start with a language where the truth
predicate is initially uninterpreted.

Extend its interpretation by declaring
more sentences true in stages.

The operator is monotone: once a
sentence is true, it remains true at
later stages.

A fixed point is a stage where further
extensions yield no change.

The Liar comes out ungrounded at
the least fixed point: neither true nor
false.

Truth
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Outline

2. Interlude: Ordinals & Transfinite Methods
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Interlude: Ordinals & Transfinite Methods

Why ordinals here?

» We will iterate a revaluation operator for the interpretation of
the truth predicate through many stages until a fixed point.

» Finite iteration can miss fixed points.

» We need a notion of stage that goes beyond all finite numbers
and keeps going in a well-behaved way.

» Ordinals give canonical well-ordered stages:
0,1,2,...,w,w+1,...
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Interlude: Ordinals & Transfinite Methods

Well-orders

Definition (Well-order)

A strict order < on a set X is a well-order iff:
> (Linear) Vz #y € X (z < y Vy < z), transitive, irreflexive.

» (No infinite descent) Every nonempty A C X has a <-least
element.

(N, <) is well-ordered. (Z, <) is not well-ordered.
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Interlude: Ordinals & Transfinite Methods

Ordinals

» A well-order is like a perfect queue: every subqueue has a
first person.

» An ordinal is the position in such a queue. We package
positions as sets so that ‘is earlier than’ becomes just €.

» Given any well-ordered (X, <), rename each x € X by the set
of elements before it: + — {ye X :y <z}

» After everyone is renamed, the collection of new names is an
ordinal o
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Ordinal Construction

0:=0g,

1= {0} = {2}

2:= {01} = {2, {0}
={0,1,2} = ...

n:={0,1,...,n—1}
n+l:=nU{n} (successor).
Facts:
P m<n < men
» each n is transitive: Vx € n(z C n)
» (n,€) is a well-order

From the finite ordinals we form the first limit ordinal

w:=1{0,1,2,...}, which corresponds to the well-order (N, <).
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Interlude: Ordinals & Transfinite Methods

Successor and limit ordinals

Every ordinal is exactly one of:

> 0
» asuccessor a+1:= a U {a} (has a greatest element «)
» a limit A (nonzero ordinal with no greatest element)

Aislimit < A = sup{y:y <A} = [~
F<A
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Interlude: Ordinals & Transfinite Methods

Transfinite induction

Given a property P(«) for any ordinal «.. To prove Va P(«) it
suffices to show:

1. Base: P(0)

2. Successor: for every ordinal «, if P(«) holds, then P(a + 1)
holds as well.

3. Limit: for every limit ordinal \, if P(3) holds for every 5 < A,
then P()\) holds.
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Interlude: Ordinals & Transfinite Methods

Building sequences

Let Sbeasetand F : P(S) — P(S)

We construct the following sequence (X, ) recursively:

Xo=XCS,  Xap1:=F(Xa), Xy:=[]JXs (Xlimit).
B<A

This abstract pattern is exactly what we will use for the revaluation
sequence later on.
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Worked example
Let S=Nand F(X) =X U{n+1:n e X} (add all successors).
Xo=1{0}, X1=F(Xo)=1{0,1}, Xp=1{0,1,2}, ...

X, = UXn:N

n<w
By definition,
F(X,)=Xo U{n+l:neX,}=NuU{1,2.3,...} =N=X,.

Thus F(X,) = X., S0 p = w is the ‘stabilization’ stage.

(Importantly, this was possible because this F' was monotone:
X CY = F(X) C F(Y). A property relevant also for our revaluation
operator.)
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Outline

3. Kripke’s Theory of Truth
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Kripke's Theory of Truth

Language

Let £ be a first-order language with

» a one-place predicate T' (read: T'(a) means ‘a is true’), and
» for every sentence ¢, an individual term 'y’ naming .

We write S, for the set of all £L-sentences.
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Kripke's Theory of Truth

Models

A model is a triple M = (D, I, T) where

> S, CD.
» [ assigns:

> anelement I(a) € D to each individual constant a.
» the sentence ¢ to the name ’y’.
» to each n-ary predicate P # T a function I(P) : D™ — {0,1}.

» 7 C Sy x{0,1} is a (possibly partial) interpretation of T'.
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Satisfaction relations
We give the satisfaction clauses in a bilateral representation, which is
Strong Kleene in disguise.

For P £T:
M E P(ay,...,an) <= I(P)({I(a1),..-,1(an))) =1
M 4 P(ay,...,a,) < I(P)({I(a1),...,1(ay))) =0
Boolean connectives:

ME-p < M4y

MA-p < MFyp
MEpAY <= MEypand M E ¢
MApAYy < MaporMay
MEeVY <= MFporMFEY
MApVyYy < Madpand M 4
MEp—19Y <= MAgporMEy
MAp =y < MEpand M 3¢
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Satisfaction relations

Quantifiers:

ME 3z < M F ¢[a/z] for some individual constant a
M 43 3zp < M 9 y|a/z] for all individual constant a

[a/z]

[a/x]
M EVzp < M E pla/z] for all individual constant a
M 4Vx o < M 4 ¢|a/z] for some individual constant a

Truth predicate:

MET(a) < (I(a),1) €T
MAT(a) <= (I(a),0) €T
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Kripke's Theory of Truth

Total vs Partial

Definition (Consistency / No-gluts)

Foreach ¢ € S,

not both (¢,1) € 7 and (¢,0) € T

At most one label per sentence, but gaps are allowed.

Definition (Totality / No-gaps)

For each p € S,
(p,1) € T or{p,0) T

Every sentence gets a label. Consistency + Totality = exactly one
label per sentence.
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Kripke's Theory of Truth

Transparent truth?

Can we have full transparency
MET(Y) & MEy

for all ¢ while allowing self-reference and a total 77

No: in the presence of a Liar name [ with (1) = —T'(1),
transparency forces T' to be both true and false of —7°(I).
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Example: the Liar

Let I be a constant with I(l) = =7'(1). Then
MET(-T()) < I(-T1)),1)eT < (-T(),1)eT
But:

ME-T() & MAT(1) = I(1),0)eT <
(-T(1),0) € T

Thus full transparency with total 7" is not possible.

We assume Consistency but not Totality, so unlabelled (undefined)
sentences can occur.
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Revaluation operator

Given M = (D, I,T), define J(M) = (D,I,J(T)) by
(p, 1) e J(T) <= MEyp
(p,00 € J(T) <= M4y

We call J(M) the revaluation of M, and J(T) the revaluation of T.

A valuation T is coherentiff T C J(T) (soundness w.r.t. the
induced semantics).
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Kripke's Theory of Truth

Warm-up example

Let M = (D,I,T) with T = @. For a predicate P # T with
I(P)(I(a)) = 1,

Initial Model:

> Mk P(a)
» MET(P(a))
> ...
First revaluation: Second revaluation:
> J(M)E Pla) > J(J(M)) E Pla)
> J( ) ET('P(a)) > J(J(M)) ET(P(a))

J(M)#T(T(Pla))) — » JIM)ET(T(P(a)))

> ... > ...
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Kripke's Theory of Truth

Example: the Liar

‘This sentence is false.’

Assume a constant [ with I(l) = =T'(I) and abbreviate \ := =T'(1).

Let 7 := {(),0)} (i.e., we set the Liar to be false). To be coherent
we need (\,0) € J(T):
(\0) € J(T) <= M=)
— MET()
— (I(l),1)eT
—= (\1)eT

But (\,1) ¢ 7,s0 (\,0) ¢ J(T)and T & J(T). Hence T is
incoherent.

T’ :={(\, 1)} is incoherent, too.
(T = {(=T(),0),(=T(1),1)} would be coherent, but inconsistent.)
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The Truth-teller

‘This sentence is true.’

Assume a constant ¢ with I(t) = T'(t) and write 7 := T'(¢).
The valuations

T.={(n1)} and T :={(r,0)}
are both coherent

(1,1) € J(T}) <= MET
— MET()
— (I(t),1) e T+
— (T'(t),1) e T+
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Kripke's Theory of Truth

Stability of Revaluation

A useful lemma is the monotonicity of the revaluation .J.

Lemma (Monotonicity of J)

Fix Dand I. Let M = (D,I,T) and M’ = (D,I,T") with
T C T'. Then the revaluation operator J is monotone:

J(T) < J(T)

(The proof is by induction, and you will prove this in your
assignment. Be careful on what counts as the atomic case)
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Kripke's Theory of Truth

Revaluation sequence

Let M = (D, I,7T) be a model.
Define the sequence of valuations (7,) and models
M, = (D, 1,7,) recursively as follows:

> To=T

» 7,41 = J(7,) for every ordinal o

> 7, := | J 7- for every limit ordinal A
TN

Visually: My, My, ..., M,, My+1, ...
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Kripke's Theory of Truth

Monotonicity

Theorem (Monotonicity of the revaluation sequence)

Fix D and I. Let M = (D, I,7T) be a model with coherent T
(i.e. T C J(T)), where J is the revaluation operator computed
relative to D, I. Define the revaluation sequence recursively:

To=T Torr=J(T) Ti=7 (\limit)

T

Then for all ordinals o, 7 with o < 7,

T, C T
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Kripke's Theory of Truth

Stepwise growth

A standard result for increasing sequences:

Lemma (Stepwise growth)

For every ordinal «, we have 7, C Toi1

Proof (transfinite induction on «):
Base (o =0): To C J(To) = T1.

Successor: If Tz C Ts+1, then by monotonicity
To+1=J(Tp) € J(Tp+1) = T+2-

Limit: Let A be limit and take = € 75 = Uz, 75. Then z € T for some
B < A, hence by the inductive hypothesis
x € Tay1 = J(Tg) C J(Tx) = Tat1- Thus Ty C Tata.
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Kripke's Theory of Truth

Monotonicity

Ifo<7then7, C7T;

Proof (transfinite induction on 7, with o fixed).

» Base (7 = 0): vacuous, since there is no o < 0.

» Successor (1 = k+ 1):then o < k. By IH, 7, C 7.. By
Stepwise Growth, 7. C T.+1 = 7,. Hence 7, C 7.

> Limit (1 =\): Ty :Up</\7'p, soforany o < A, 7, C 7i.
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Kripke's Theory of Truth

Fixed points

Theorem (Fixed point and stabilization)

Fix D and I. Let M = (D, I,T) be a model with coherent T
(i.e. T C J(T)), and define the revaluation sequence by:

To=T Ter1=J(T) Ti=J7T (Alimit)

T

Then there exists a unique ordinal p such that:

WWVo<17<p: T, CT: (YVoe>p: To=1T,

In particular, J(7,) = 7,, so 7T, is the fixed point of J generated by
T. We write T* := 7, for this point.

41/56



Kripke's Theory of Truth

The sequence is increasing

Fix D and I. Write (7, )acora for the transfinite sequence a — 7,
of valuations.

Let S := S, x {0,1}, where S, is the set of all £-sentences.

Each stage 7, is a set of labeled sentences, hence
Ta C{{p,t) 1€ Se, t€{0,1}} =S5 forall a.
By Monotonicity, for all ordinals o < 7,
To € Tr

Thus (74)acora forms a (weakly) increasing chain of subsets of S
(i.e., o <7=7, C T and 7T, C S forall a).
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Some equality must occur

Each stage is a valuation set 7, C S, where S := S, x {0,1}. Hence
there are at most |P(.S)| distinct stages.

Let x := |P(S)|" (the successor of |P(S)]), so |P(S)| < k. Consider the
function f: {a € Ord: a < k} — P(9), fla) =T,.

If the family (74).<~ Were pairwise distinct, then f would be injective,
hence x < |P(S)|, which is impossible.

Thus there exist o < 8 < « with 7, = 7. Since the sequence is
increasing, for every v with a < v < 3,

Ta €Ty €T ="Ta,

80 T, = Tq. In particular To4+1 = Ta.

SetE:={6: Ts =Ts4+1}- Then E # &. Let p := min E (exists by

well-ordering). Then:
> If o <7 < p, we cannot have 7, = 7,. By monotonicity, 7, C 7-.

» T, =Tpr1=J(T,), s0 T, is a fixed point.
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Kripke’s Theory of Truth
Stability from p on

We prove by transfinite induction on o > p that 7, = 7,.

» Baseo =p: 7, ="17,.
» Successoro =~y +12>p+1:ByIH, 7, = 7,, and since 7, is
a fixed point (7, = J(7,)),

To = J(Ty) = J(Tp) =

N

> Limit A\ > p: By IH, 73 = 7, forall p < g < A, and by
monotonicity 73 € 7, for 8 < p. Thus

n=UT=(U%) v (U %) cnun="7
B<A B<p p<B<A
while 7, C 7T, since p < A. Hence Ty = 7.

Therefore 7, = 7T, for every o > p.
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Kripke's Theory of Truth

Minimal fixed point

Corollary

Fix D and I, and let J be the revaluation operator (relative to
D, I). Let T, T’ be coherent with 7 C 7”. Let T* and 7'* be
the fixed points generated by 7 and 77, respectively. Then

7—* g 7—/*

In particular, @* is the least fixed point.
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Kinds of sentences

Kripke's Theory of Truth

fixed points behaviour example
true in all, false in no grounded true

true in some, false in no (Exercise)?
false in all, true in no grounded false

false in some, true in no (Assignment)
true in no, false in no paradoxical the liar

true in some, false in some

biconsistent

the truth teller

Read some = some but not all

20 = T(t) vV =T (t) in models in which I(t) = T'(t).
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Kripke's Theory of Truth

Some reminders

» Before proving the statements, some reminders and facts.

» Throughout the examples we fix D and specify I. The initial
valuation 7 varies.

» For any initial 7, iterating the revaluation operator J by the
transfinite sequence yields a fixed point 7* with J(7*) = T,
where transparency holds. We write M* := (D, I, T*).

» Evaluation at a fixed point:

pistrueat 7* <= (p,1) € T* [M™ |= ¢ by transparency]
pisfalseat 7 < (p,0) € T* [M™* 4 ¢ by transparency]
otherwise ¢ is unlabelled/undefined at 7 /M~

» All initial 7 need to be coherent and consistent.

» Consistency is preserved by the J-iteration and at fixed points
(you will prove this in your assignment).
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Kripke's Theory of Truth

Grounded (T-free) sentences are decided uniformly

Lemma (Interpretation-independence for T-free)

Fix D and I. If ¢ is T-free and T7*, 7" are fixed points, then

(p, ) eT* = (p, 1) €T™, (p,0) €T* <= (p,0) € T™

Proof by induction on ¢

It thus follows that for any T-free ¢, exactly one holds:

» o is true in all fixed points and false in no fixed point
(grounded true);

» o is false in all fixed points and true in no fixed point
(grounded false).
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Kripke's Theory of Truth

Paradoxical: the Liar is true in no FP and false in no FP

Let A := —T(1) with I(l) = A.

For every 7%, we have:

\1)y¢T* and (\0)¢T*

> If (\,1) € T*, then M* E X\, so M* = T(l). Hence
(I(1),0) = (A, 0) € T*, contradicting consistency.

If (\,0) € T*, then M* =3 X\, so M* ET(l). Hence

(I(1),1) = (\, 1) € T*, again contradicting consistency.

| 2

Hence, X is undefined at any fixed point.
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Kripke's Theory of Truth

Biconsistent: the Truth-teller varies across fixed points

Let 7 :=T'(¢t) with I(t) = 7.
T :={(r, 1)} and 7_ := {(7,0)}
Proof: We have established before that these initial valuations are

coherent. In 7, (7, 1) forces M E 7, hence (7,1) € J(7%).
Similarly for 7_. By the fixed-point theorem, the J-iterations yield

fixed points

Hence 7 is true in 7} and false in 7.
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Kripke's Theory of Truth

The Truth-teller at the least fixed point

Let 7 := T'(¢t) with I(t) = .

Consider the @-initial sequence given by 7o = &, To+1 = J(Ta),

For all ordinals «, neither (r, 1) nor (r,0) is in 7,. (prove this by
transfinite induction on «)

In particular, if p is the first stage with 7, = 7,41 (the stabilization
index), then 7 is unlabelled/undefined in 7, = &*.
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Kripke's Theory of Truth

True in some, false in no: x := 7 vV -7 (Exercise)

Let x := 7 v =7 with 7 being the truth-teller sentence.

For every 7%, (x,0) ¢ T*. Moreover, (x,1) € 7 and (x,1) € T,
while x is unlabelled at the least fixed point ™.

Proof:

» V¢ is false iff both disjuncts are false. If (7,0) € 7%, then
M E —7, so the right disjunct is true. Dually if (7,1) € T*.
Thus x is never false.

» ltis true at 7 (left disjunct true) and at 7* (right disjunct true).
Thus x is true in some fixed point.

> At o*, both disjuncts are unlabelled (see previous slide),
hence so is x. Thus, x is true in some, but not all fixed points.
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Kripke's Theory of Truth

Revenge: the ‘not true’ Liar

‘This sentence is not true ([neither true nor false] or false)’
Add a unary operator ~ with clauses:
ME~p <= MFyp Mar~p <= MFEyp
Let I~ name ~T'(I™) and abbreviate y := ~T'(I™) (so I(I™) = x).
Assume full transparency for 7" in the expanded language.® Note that
~ IS never gappy.
» If M* E x, then by the clause for ~, M* £ T'(I™). But by
transparency and I(I™) = x, M*ET(I™) < M*E y,
contradiction.
» If M* 4 x, then by the clause for ~, M* E T'(I™). By transparency
M* E x, so x is both true and false contradicting consistency.

No consistent fully transparent model can exist: x is a revenge liar.

3S0 we are supposing that we have a model M* with transparency, even
though ~ is actually not monotone, so the fixed-point theorem would not work if

we add ~ to the language.
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Kripke's Theory of Truth

Exercise 1: A sentence of exact stage w

Work in a language extended with numerals, and add a fixed family of
binary predicates Tr(n,a) intended as ‘a codes a sentence that is true at
stage n of the bottom Kripke chain’.

Formally, fix D, I and define the bottom chain 7y = &, Tp11 = J(Tx),
T = Ug<y Ts- Interpret Tr(n, z) so that

(n/¢) e (Tr) = (p,1)eT,
Define the sentence

H = V¥Yn—-Tr(n,/ H)

(a) Show H is notlabelled at any finite stage n.

(b) Show H becomes decided at stage w of the bottom chain and
remains stable thereafter.

(c) Determine whether H is true or false at stage w.
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Kripke's Theory of Truth

Exercise 2: Non-w-continuity of .J

A monotone F is w-continuous if F(J,, X,) = U,, F(X,) for every
increasing w-chain (X,,).

(a) Prove J is not w-continuous by constructing an increasing chain
To € 71 C --- with union U such that

JU) # | JJ(Ta)

(b) Explain how your counterexample connects to Exercise 1.
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Kripke's Theory of Truth

Another exercise

Extend the language by a binary operator e with semantic clauses:

MEpey) <— Mo
orMEpor (MEGANMEY ANMAS AN MAY)
MeAg¢peyy «<— ME ¢and M = 1.

Show that, in the expanded language, one can generate a revenge
paradox with e assuming full transparency for 7.
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